


TheMermin-Wagner Theorem

We know that in ID the Ising model is ordered only
at T= 0,

What about the O(n) model
, namely a model

with rectorial fields withn components ?

The Hamiltonian is
,
as we know

H = Jo [cD + - + u(]

Let's say
that the system is "almost" ordered

,

Most is 16-18 = % and we write

with Gunifere& =+
very small

then the terms of the Hamiltonian are
-

& = ( + 30" = 0 + 2+ 5

and

(op = D + <( · S% ) + (50 +

- + 25+ (4



Let's decompose Si

S = S + St
* arthogonal to Ba

P
parallel to To

then
T . S = Sb

s = S + (201)2

Lets compute now r + u() :

~++ +  +
-

↑usususend

↑zu( +3) + ubSb (3+5) =

= Cuba) +1.+4) So +(+2)S +

+ subS? t o(s]) +
- -

small because

So is very
small

+&)si + 0(5)
again small



Now let's focus onDo : we have said that it

is the equilibrium value of the field once the direction

is fixed :

(rB +/= zud +-

↓ I
2b(v +2) =a

we have assumed

no fluctuations : M = 0

Then we see that the Hamiltonian
,

in the small so

assumption , reduces to

H = Sd[r(IB)" + rIDS" + unS] =

= H1 + Hy

with H = Sd r(X35 ??

H = Sde[v + unS]

Hy is essentially the one for a field with a minimum

inSo =0 because need is positive.

Fluctuations in so are thus small
,
as postulated,

What about H and S ?



Let's compute

= <( +So =

= b +263 + (3) + 151

And consider

JS) = o because it is computed with

e quadratic weight in

S # average of an odd

function with an
even weight.

736's we said is small (can be computed
but not necessary

here

What about 1501) !

38 has n-1 components and their weight

is isotropic we can assume they are

all giving the same contribution.



Thus

>S = (n-1) < Sc) <

Let's write the H1 in Fourier space

H
=

= (d[r(M(
+

] = (n - 1)(d(r(SB12] =

=(n-1)JorJdddti)·(i)(h)Seei

=SerS SCE

The Fourier expression of SCE) is

3) = J SEESE e
E

Then

<* (F)) =JSCu
3) = S_ (E)



The Hamiltonian H1 is diagonal in E , which
means

that if EF-E' then

(E) = <SE>S
*(5) = 0

=> <S-Fk < SCEE) <SECO
* (E) >

Then

<Fra cust .

(n-1)]dE
= bat coust . (n-1)20

↑
angular
integral in a = minimal scale

d-dimensions L = size of the system

= Do+ const - (n-1)ad -3 di
*
large size
limit
-u

This integral diverges at the origin
if d 2

↑ also the equal sign !



This means that the hypothesis the fluctuations were small
is inconsistent.

stated otherwise : a system with continuous symmetry,

n32 cannot be ordered in 32

at finite temperature.

This is the Mermin - Wagner theorem.

There is a transition for u = 3 in d= 2
,
actually
,

but it is a "topological one" (the Kosterlitz -Thouless

transition) .


